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We study the equilibrium phase diagram of ultrathin chiral magnets with easy-plane anisotropy A. The vast
triangular skyrmion lattice phase that is stabilized by an external magnetic field evolves continuously as a func-
tion of increasing A into a regime in which nearest-neighbor skyrmions start overlapping with each other. This
overlap leads to a continuous reduction of the skyrmion number from its quantized value Q = 1 and to the emer-
gence of antivortices at the center of the triangles formed by nearest-neighbor skyrmions. The antivortices also
carry a small “skyrmion number” QA  1 that grows as a function of increasing A. The system undergoes a first
order phase transition into a square vortex-antivortex lattice at a critical value of A. Finally, a canted ferromag-
netic state becomes stable through another first order transition for a large enough anisotropy A. Interestingly
enough, this first order transition is accompanied by metastable meron solutions.
PACS numbers: 75.70.Kw, 75.10.Hk, 75.70.Ak
I. INTRODUCTION
Emergent stable topological structures are ubiquitous in
condensed matter, high energy physics and materials science,
as well as in atomic, molecular and optical physics. Promi-
nent examples include domain walls, vortices, dislocations,
disclinations and skyrmions. Skyrmions are vector field (e.g.
spin) textures1, which wrap a sphere once, and can be viewed
as emergent mesoscale particles. These textures have been
observed in quantum Hall states of two-dimensional electron
gases, chiral nematic liquid crystals, and Bose-Einstein con-
densates, among others.
Skyrmion crystals2,3 have been recently discovered in chi-
ral magnets 4–8 and they have triggered enormous interest
because of their significant potential for spintronics applica-
tions9. Each skyrmion consists of a spin configuration that
wraps the sphere once over a length scale that ranges from 10
to 100 nm [see Fig. 1(a)]. This property is quantified by the
skyrmion topological charge Q = 14pi
∫
Sk dr
2n·(∂xn×∂yn) = ±1
[n(r) is a unit vector describing the direction of the spin with
spatial coordinates r]. Because of the large Hund’s coupling
between conduction electrons and spins in metals, the spin
of the conduction electrons is fully aligned with the magnetic
moments that form the skyrmion texture. A conduction elec-
tron picks up a Berry phase of 2pi when it moves around a
skyrmion. This is equivalent to the Berry phase induced by
one flux quantum Φ0 = hc/e, i.e. , the effective flux pro-
duced by a skyrmion is Φ = QΦ0. The equivalent magnetic
field is enormous: 100 T for a skyrmion of radial size 10 nm.
This phenomenon leads to the so-called topological Hall effect
10–12. Indeed, most of the excitement generated by the recent
discovery of mesoscale skyrmions in chiral magnets arises
from their transport properties. Skyrmions can be driven by
spin polarized currents in metals13–15 or by magnon currents
in insulators 16–18. A very attractive feature is that the currents
required to move skyrmions in chiral magnets are 105 to 106
times smaller than the depinning currents of magnetic domain
walls 13–15, making skyrmions prime candidates for novel in-
formation storage devices with substantially reduced power
consumption 9.
Fractionalization of a topological object is another active
topic in condensed-matter and high energy physics. By split-
ting a skyrmion into two halves, we obtain a meron and an
antimeron (see Fig. 1). The meron wraps only half of the
sphere, implying that its topological charge is Q = ±1/2.
Similar to skyrmions, merons also have many different physi-
cal realizations. For instance, merons become stable in small
magnetic disks because of a strong demagnetization effect:
spins align along the disk boundary in the outer region, but
they are normal to the surface near the center of the disk 19.
Like in the case of skyrmions, meron crystals have been pre-
dicted to exist in quantum Hall systems 20, as well as in bilayer
graphene 21.
The main purpose of this work is to study the evolution
of a skyrmion crystal as a function of increasing easy-plane
anisotropy A in a two-dimensional system. It is clear that
the easy-plane anisotropy penalizes the non-coplanar nature of
the skyrmion texture. As we will see below, this effect leads
to a continuous reduction of the skyrmion number from its
quantized |Q| = 1 value when the skyrmions start overlapping
with each other. While the skyrmion charge |Q| is no longer
equal to one, the winding number is still an integer, i.e., the re-
sulting spin configuration can be regarded as a crystal of vor-
tices/antivortices with a fractional skyrmion charge |Qv,a| < 1.
The second consequence of the overlap between skyrmions
is the emergence of antivortices at the centers of the trian-
gles formed by three nearest-neighbor skyrmions. These an-
tivortices also carry a small “skyrmion number” |Qa|  1 that
grows as a function of increasing A and eventually triggers a
first order transition into a square vortex-antivortex crystal. In
this new phase, the vortices and antivortices are close to be-
coming merons in the sense that their skyrmion charge is close
to 1/2: |Qv,a| ' 1/2. Vortices and antivortices are indeed ex-
pected to become merons and anti-merons (|Qv| = |Qa| = 1/2)
when the separation between them becomes larger than the
diameter of their non-coplanar cores. Unfortunately, a first
order transition into a canted ferromagnet takes place right
before this condition is fulfilled. However, this transition is
accompanied by metastable meron states in which a subset
of vortices remain well separated from the other vortices and
antivortices and can therefore be regarded as merons.
We note that the effect of easy-plane anisotropy on the
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2skyrmion lattice phase has been considered in a previous
work22. The authors used a variational treatment that only
contains the triangular skyrmion crystal and the canted ferro-
magnet as the possible candidates. In contrast, the Langevin
dynamics approach that we use in the present work is com-
pletely unbiased. The phase diagram obtained with the vari-
ational treatment differs qualitatively from the one that we
are reporting here simply because the above described square
vortex-antivortex crystal is outside the variational space of
Ref. 22. Nevertheless, the variational calculation based on a
square unit cell indicates a tendency to form such a square
lattice. Our unbiased calculation also unveils interesting
metastable meron states that cannot be detected with the vari-
ational treatment.
Finally, we note that the same model has been studied in
Ref. 23 for the case of films with finite thickness of the or-
der of the wave-length of the spiral. In this case, the easy-
plane anisotropy stabilizes the conical phase relative to the
skyrmion crystal phase for the model under consideration.
Consequently, the above described transition between the tri-
angular skyrmion crystal and the square vortex-antivortex lat-
tice was not reported in Ref. 23 .
II. MODEL
We consider the two-dimensional Hamiltonian
H =
∫
dr2
[ Jex
2
(∇n)2 + D
a
n · (∇ × n) − Bz
a2
nz +
A
a2
n2z
]
, (1)
that describes a single layer of a chiral magnet with easy-plane
anisotropy 2,3,24–26. Here a is the lattice constant, Jex is the
ferromagnetic exchange and D is the Dzyaloshinskii-Moriya
(DM) interaction27–29 generally present in magnets without in-
version symmetry. Bz is the external magnetic field normal to
the film and A > 0 is the easy-plane anisotropy. Equation
(1) describes satisfactorily the experimental phase diagram5.
Figure 1. (color online) Upper panel: Dissociation of a skyrmion
into a meron and antimeron pair. Lower panel: A skyrmion covers
the sphere, whereas a meron covers only half the sphere, meaning
that the topological charge of a skyrmion is |Q| = 1 and that of a
meron is |Q| = 1/2. The regions where the spins are parallel and
antiparallel to the applied field are indicated with red and blue colors
respectively. Spins are parallel to the plane in the green (equatorial)
region.
To find the different stable phases as a function of increas-
ing easy-plane anisotropy, A, we simulate the dynamics of the
spin field n(r) by numerically solving the Landau-Lifshitz-
Gilbert equation with a noise term17
∂tn = −γn × (Beff + B˜) + αn × ∂tn + ~γ2e (J · ∇)n. (2)
The effective field is Beff ≡ −δH/δn = Jex∇2n − 2D∇ ×
n + B − 2Anzzˆ, γ = 1/(~s), and s is the magnitude of local
spins. The unit vector zˆ is parallel to the z direction, α is the
Gilbert damping coefficient and J is the external spin polar-
ized current. B˜ is the fluctuating magnetic field that satisfies
the fluctuation-dissipation theorem: 〈B˜〉 = 0 and
〈B˜µ(r, t)B˜ν(r′, t′)〉 = 2kBTαa
2
γ
δµ,νδ(r′ − r)δ(t′ − t), (3)
where T is the temperature, kB is the Boltzmann constant and
µ, ν = x, y, z. The T = 0 state is obtained by slowly annealing
the system from the paramagnetic state without an external
current (J = 0).
III. RESULTS
The evolution of the low temperature spin texture as a func-
tion of A is depicted in the left column of Fig. 2. The second
column of Fig. 2 shows the corresponding skyrmion topo-
logical charge density q(r) = n · (∂xn × ∂yn)/(4pi). For a
small A, we recover the expected triangular skyrmion crystal.
The spins are anti-aligned with the magnetic field at the cen-
ter of each skyrmion, while they remain parallel to the field
in the background region between skyrmions. As the easy-
plane anisotropy increases, the skyrmion size also increases
because of a natural expansion of the equatorial region fa-
vored by A. Skyrmions start overlapping with each other as
a consequence of this expansion, implying that the spins no
longer wrap the full sphere, |Q| < 1, because the skyrmion
size becomes larger than the separation between neighbor-
ing skyrmions. The growth of the equatorial regions of three
skyrmions that close a triangular loop [see Fig. 2(d)], or a
square loop [see Fig. 2(g)], generates a vortex with an opposite
winding number (antivortex) at the center of the loop. This an-
tivortex is actually the precursor of an antimeron because the
spins in the core region remain canted along the field direction
but |Qa| < 1/2. We also note that the continuous suppression
of the skyrmion charge |Q| of the blue “particles” in Figs. 2
and 3 implies that the former skyrmions (Q = 1) of Fig. 2(a)
evolve continuously into the vortices with |Qv| > 1/2 that are
shown in Figs. 2(d) and 2(g). The vortices and antivortices
become merons and anti-merons (|Q| = 1/2) when the sepa-
ration between them becomes bigger than the diameter of the
non-coplanar cores. This clear separation only occurs for the
metastable states shown in Fig. 3.
As it is shown in the different panels of Fig. 2, the vortices
(blue particles) and antivortices (red particles) form two dif-
ferent crystals. For A = 0.825D2/Jex, the crystal consists of a
triangular lattice with blue particles in one sublattice and red
3Figure 2. (color online) Evolution of the spin texture as a function of increasing easy-plane anisotropy. The left column is the spin texture. The
color denotes the spin component along the z direction, while the arrows represent the in-plane spin component. The middle column illustrates
the topological charge density q(r). From top to bottom, A = 0.075D2/Jex, A = 0.825D2/Jex, and A = 1.275D2/Jex. There is a transition from
a triangular to a square lattice with increasing A. The upper insets in (a, d, g) are the Fourier transform of nz after subtracting the uniform
component, while the lower insets are enlarged views. (c) and (f) show the corresponding wrapping of spin textures on the surface of a sphere.
(i) illustrates why the chirality of the meron at the center is opposite to the surrounding merons. Here Bz = 0.7D2/Jex and Lx × Ly = 60 × 60
(Jexa/D)2. The results are qualitatively the same for other magnetic fields, see Fig. 7.
particles in the other two [see Figs. 2 (d) and 2(e)]. The second
crystal becomes stable for 1.275D2/Jex < A < 1.425D2/Jex
and consists of two inter-penetrating square lattices of blue
and red particles [see Figs. 2(g) and 2(h)] . If we think of
the blue and red particles as disks of different radii, these two
crystals are the only compact packings30 that satisfy the fol-
lowing rule: two small disks cannot be tangent to each other.
This rule arises from an energetic consideration: spins near
4(a) 
(b) (d) 
(c) 
Figure 3. (color online) Metastable states that accompany the first order transition between the square lattice depicted in Figs. 2(g) and 4(e) and
the canted ferromagnetic state. These states appear after the annealing from the paramagnetic state near the boundary between both phases.
Panels (a) and (b) correspond to A = 1.5D2/Jex and A = 1.875D2/Jex respectively for Bz = 0.7D2/Jex. Panels (c) and (d) correspond to
A = 1.65D2/Jex and A = 1.95D2/Jex respectively for Bz = 1.2D2/Jex. Meron (blue) loops containing an anitmeron (red) are clearly visible.
Show are the spin configuration and the corresponding skyrmion topological charge density profile.
the point of contact of two disks of the same type (chirality)
have to be parallel to the hard axis. The triangular and square
crystals of Fig. 2(d) and 2(g) become compact packings when
the ratio between the radii of the red and blue particles is equal
to rr/rb = 2
√
3/3 − 1 and rr/rb =
√
2 − 1, respectively 30.
Because rr/rb increases with A, it is natural to expect a tran-
sition from the triangular [Fig. 2 (d)] to the square [Fig. 2 (g)]
interpenetrating crystals31. Figure 4 shows a similar evolu-
tion of the spin texture as a function of increasing easy-plane
anisotropy for Bz = 1.2D2/Jex.
As the easy-plane anisotropy is further increased, we expect
that the particles should separate from each other because of
the continuous growth of equatorial region of the skyrmion
[see Fig. 1]. However, a first order transition into a canted
ferromagnetic state precludes the possibility of observing this
behavior in equilibrium. Nevertheless, the expected behav-
ior is observed in the metastable states that accompany this
first order transition. As it is shown in Fig. 3, the background
of these states consists of a coplanar spin ordering in the xy-
plane. The former skyrmions or blue particles are now loops
of vortices and antivortices with negative scalar spin chiral-
ity of skyrmion charge. At the center of the vortex-antivortex
loops (blue particles), there is always a Qa = 1/2 antimeron
(red particles), at it is shown in Fig. 3.
The effective interaction between merons decreases with
their separation rendering the meron spin texture softer rel-
ative to the insertion of topological defects, such as disloca-
tions and disclinations. Indeed, these topological defects are
already present in the metastable meron-antimeron configura-
tions shown in Fig. 3. While the metastable states preserve a
net total skyrmion charge or scalar chirality, the total wind-
ing number must be zero because the spins are mostly parallel
to the plane, except for the isolated regions occupied by the
vortex cores, and the boundary conditions are periodic. This
implies that the number of vortices is equal to the number of
antivortices. We note however that the distribution of vor-
tices and antivortices is far from being uniform. For instance,
the state depicted in Fig. 3(b) includes a subset of antivortices
(red circular regions) that remain distant from the rest of the
vortices and antivortices. The isolated character of these an-
tivortices leads to a half-quantized skyrmion number Q = 1/2
that makes them antimerons. The same is not true for the
chains of alternating vortices and antivortices that surround
each of these merons because their cores overlap with each
other [Fig. 3(b)]. Figures 3(c) and (d) show similar metastable
states for a higher magnetic field value, Bz = 1.2D2/Jex, in-
dicating that the basic structure of these states and their local
stability are rather independent of Bz.
Although the states depicted in Fig. 3 are just metastable,
the vortex-antivortex pairs generated after the annealing pro-
cess remain locally stable even after injecting a finite current
into the system. In contrast, the isolated antimerons move in
the opposite direction (they have opposite scalar chirality) and
get annihilated after colliding with an meron. The steady state,
cf. Figs. 3 (a) and (c), is a uniform flow of vortex-antivortex
pairs. As it is shown in Fig. 5 (a) these pairs become dy-
namically ordered along the direction of motion. Figure 5 (b)
shows the averaged electric field, E = ~n · (∇n × ∂tn)/(2e),
generated by this motion as a function of the applied electric
current.
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Figure 4. (color online) Evolution of the spin texture as a function of increasing easy-plane anisotropy. The left column is the spin texture. The
color denotes the spin component along the z direction, while the arrows represent the in-plane spin component. The right column illustrates
the topological charge density q(r). From top to bottom, A = 0.525D2/Jex, A = 0.975D2/Jex, and A = 1.425D2/Jex. There is a transition from
a triangular to a square lattice with increasing A. Here Bz = 1.2D2/Jex and Lx × Ly = 60× 60 (Jexa/D)2. Upon increasing A from 0, the system
evolves in the following sequence: spin polarized ferromagnetic state, triangular lattice of skyrmions, square lattice of fractional skyrmions,
spin canted ferromagnetic state.
IV. PHASE DIAGRAM
To construct an anisotropy-applied magnetic field (A-Bz)
phase diagram, we compare the energy of the states obtained
by annealing to that of the normal spiral state and the uniform
(canted) ferromagnetic state. The uniform ferromagnetic state
can either be the spin polarized ferromagnetic state along the
magnetic field direction (nz = 1) or the spin canted ferromag-
6Figure 5. (color online) (a) Snapshot of meron flow at Jx = 0.6De/~
and Jy = 0 with A = 1.5D2/Jex and α = 1.0. The arrow represents the
direction of motion. (b) The averaged electric field versus current.
netic state with nz < 1. There is a phase transition line separat-
ing these two states because only the latter one breaks the U(1)
symmetry of global spin rotation along the z-axis. The en-
ergy obtained from numerical annealing is compared against
the analytical expression for the uniform ferromagnetic state,
as it is shown in Fig. 6. State of the art numerical methods
are not adequate for finding the optimal state of equilibrium
near first order phase transitions. We note in passing that this
statement also applies to real physical systems: they exhibit
hysteresis near first order phase transitions because they get
trapped in metastable states. For this reason, it is still relevant
to understand the nature of these states. As anticipated in the
previous section, our numerical annealing gets trapped in the
metastable states depicted in Fig. 3 near the first order phase
boundary between the square lattice depicted in Fig. 2(g) and
the spin canted ferromagnetic state. While this recurrent prob-
lem limits the accuracy of the obtained phase transition lines,
the unbiased nature of our numerical method enables the pos-
sibility of finding new phases that have been missed by the
variational treatments.
The calculated phase diagram is displayed in Fig. 7. Except
for the second order transition between the two different spin
polarized ferromagnetic states, the rest of the transitions are
of the first order. Our annealing calculations fail to provide
accurate phase boundaries because the system gets trapped
in metastable states. For this reason, the phase diagram de-
picted in Fig. 7 must be regarded only as semi-quantitative.
While this phase diagram has similarities with the one ob-
tained with a variational approach in Ref. 22, the variational
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Figure 6. (color online) (a) Comparison of energy obtained by nu-
merical annealing and that of the canted ferromagnetic state at (a)
Bz = 0.7D2/Jex and (b) Bz = 1.2D2/Jex.
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Figure 7. (color online) Semi-quantitative A-Bz phase diagram that
results from comparing the energy obtained by annealing from the
paramagnetic state to that of the uniform ferromagnetic state and the
normal spiral state.
phase diagram does not contain the square vortex lattice that
is revealed by our unbiased numerical simulations. We note
however that a tendency to form a square lattice was observed
in the 2D square-cell calculation of Ref. 22, where the spin
texture adopts a square shape and there are two peaks in the
skyrmion topological charge density along the radial direction
in the unit cell [see Fig. 4 (b) and (d) in Ref. 22].
The anisotropy required to stabilize the square vortex lat-
tice and the metastable meron states for typical parameters of
MnSi, Jex ≈ 3 meV and D ≈ 0.3 meV12, is A ≈ 0.025 meV.
Our novel meron spin texture could be realized in MnSi ultra-
thin films because the easy-plane anisotropy increases signif-
icantly when the film thickness is reduced 32. For MnSi, the
lattice constant is a = 4.558Å33 and the required anisotropy
density is A/a3 ≈ 40 KJ/m3, which can be attained for films
with thickness of 10 nm according to the measurements from
Ref. 32. Alternatively, spin anisotropy can be controlled by
growing the chiral magnet films on heavy element substrates,
such as iridium 34,35. Note that the meron-antimeron spin tex-
ture is not adiabatically connected to the skyrmion lattice be-
cause the total topological charge is different. Lorentz trans-
mission electron microscopy can be used to visualize the cor-
responding spin configuration. The skyrmion and meron con-
figurations can also be imaged with a magnetic force micro-
scope36.
We emphasize that our phase diagram has been obtained
for a single-layer system, i.e., for the strictly two-dimensional
HamiltonianH of Eq. (1). For the multilayer extension of this
Hamiltonian, the canted ferromagnetic state becomes a coni-
cal phase that turns out to be more stable than the skyrmion
lattice phase. Consequently, a multi-layer system, like a thin
film of finite thickness d . Jexa/D, will exhibit a phase di-
agram like the one depicted in Fig. 7 as long as the trian-
gular skyrmion lattice remains stable relative to the conical
phase due to the presence of an additional interaction (not in-
7cluded in H) or due to the specific boundary conditions. For
d  Jexa/D the conical state is the most stable phase in the
presence of easy-plane anisotropy.23
V. CONCLUSIONS
In summary, our results reveal a structural transition be-
tween the triangular skyrmion lattice and a square vortex-
antivortex lattice induced by increasing easy-plane anisotropy.
Moreover, we find metastable meron spin textures in the
neighborhood of the first order transition between the square
vortex-antivortex lattice and the canted ferromagnet. The sta-
ble crystal structures that appear as a function of increasing
easy-plane anisotropy are consistent with a subset of compact
packings of disks of two different radii30. Note that the trian-
gular to square lattice transition has also been observed and
discussed for skyrmions in the context of quantum Hall ef-
fect37–39. The metastable merons can be manipulated with ex-
ternal currents. This process can be reproduced in real chiral
magnets, such as MnSi, by growing thin films of progressively
smaller thickness.
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